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Abstract
The connection between braided Hopf algebra structure and quantum group covariance of the
deformed oscillators is constructed explicitly. In this context we provide deformations of the Hopf
algebra of functions on SU(1, 1). Quantum subgroups and their representations are also discussed.
1 Introduction
The covariance of the oscillator algebras attracted a lot of attention and is discussed in different
contexts1. The covariance of an algebra under the action of a noncommutative algebra deforms
the notion of defining identical copies in the transformed algebra and this leads to the deformation
of the usual tensor product namely braided tensor product. The Hopf algebra axioms are replaced
by the braided Hopf algebra axioms2. Hence braided group theory (self contained reviews can be
found in Ref.3) unifies the notions of symmetry and statistics. Recently, we found the general
braided Hopf algebra solutions of the generalized oscillators4. In this work we show that some
of these solutions are connected with the quantum group covariance and we find the R-matrices
controlling the braiding structure and the quantum group. We also discuss the representations of
quantum subgroups.
2 The generalized oscillator, its covariance and braided
Hopf structure
Suppose that the generalized oscillator algebra
aa∗ −Q1a
∗a = q2N
aqN = qqNa (1)
qNa∗ = qa∗qN
is covariant under the transformation
(a)′ = aK1 + q
NK2 + a
∗K3
(a∗)′ = a∗K∗1 + q
NK∗2 + aK
∗
3 (2)
(qN)′ = aL1 + q
NL2 + a
∗L∗1
1E-mail : yildiz@gursey.gov.tr
where the deformation parameters Q1and q are positive and with the ∗-structure (a
∗)∗ = a and
(qN)∗ = qN . The elements K1, K
∗
1 , K2, K
∗
2 , K3, K
∗
3 , L1, L
∗
1 and L2 (L
∗
2 = L2) generate some algebra.
Our aim is to find that algebra if the transformation is a quantum group transformation. We write
the above transformation as a covector transformation
x′= xt (3)
where
x = ( a a∗ qN ), and t =


K1 K
∗
3 L1
K3 K
∗
1 L
∗
1
K2 K
∗
2 L2

 . (4)
The matrix t is a quantum matrix satisfying
Rt1t2 = t2t1R (5)
and R satisfies QYBE
R12R13R23 = R23R13R12. (6)
To find the R- matrix and hence the quantum group, we write the oscillator algebra as a covector
algebra
x1x2 = x2x1R (7)
where
x1x2 =
(
a2 aa∗ aqN a∗a (a∗)2 a∗qN qNa qNa∗ q2N
)
(8)
x2x1 =
(
a2 a∗a qNa aa∗ (a∗)2 qNa∗ aqN a∗qN q2N
)
(9)
and the general form of the R-matrix
R =


1 0 0 0 0 0 0 0 0
0 A1 0 A6 0 0 0 0 A15
0 0 A4 0 0 0 A11 0 0
0 A2 0 A7 0 0 0 0 A16
0 0 0 0 1 0 0 0 0
0 0 0 0 0 A9 0 A13 0
0 0 A5 0 0 0 A12 0 0
0 0 0 0 0 A10 0 A14 0
0 A3 0 A8 0 0 0 0 A17


. (10)
The constants (Ai) appearing in the R-matrix is to be determined from the consistency of (7) with
the oscillator relations (1) and from (6). The covariance of a covector algebra under the action of
a quantum group induces a braided Hopf algebra structure whose axioms are collectively given by
m ◦ (id⊗m) = m ◦ (m⊗ id)
m ◦ (id⊗ η) = m ◦ (η ⊗ id) = id
(id⊗∆) ◦∆ = (∆⊗ id) ◦∆
2
(ǫ⊗ id) ◦∆ = (id⊗ ǫ) ◦∆ = id
m ◦ (id⊗ S) ◦∆ = m ◦ (S ⊗ id) ◦∆ = η ◦ ǫ
ψ ◦ (m⊗ id) = (id⊗m) ◦ (ψ ⊗ id) ◦ (id⊗ ψ)
ψ ◦ (id⊗m) = (m⊗ id) ◦ (id⊗ ψ) ◦ (ψ ⊗ id)
(id⊗∆) ◦ ψ = (ψ ⊗ id) ◦ (id⊗ ψ) ◦ (∆⊗ id)
(∆⊗ id) ◦ ψ = (id⊗ ψ)(ψ ⊗ id) ◦ (id⊗∆)
∆ ◦m = (m⊗m)(id⊗ ψ ⊗ id) ◦ (∆⊗∆) (11)
S ◦m = m ◦ ψ ◦ (S ⊗ S)
∆ ◦ S = (S ⊗ S) ◦ ψ ◦∆
ǫ ◦m = ǫ⊗ ǫ
(ψ ⊗ id) ◦ (id⊗ ψ) ◦ (ψ ⊗ id) = (id⊗ ψ) ◦ (ψ ⊗ id) ◦ (id⊗ ψ).
The ∗-structure for a braided algebra B is different from the non-braided one such that
∆ ◦ ∗ = π ◦ (∗ ⊗ ∗) ◦∆
S ◦ ∗ = ∗ ◦ S (12)
(a⊗ b)∗ = b∗ ⊗ a∗, ∀a, b ∈ B.
The braided covector algebra has a braided Hopf algebra structure
∆(x) = x⊗ 1 + 1⊗ x, ǫ(x) = 0, S(x) = −x (13)
with the braiding relations
ψ(x1 ⊗ x2) = x2 ⊗ x1R
′, i.e., ψ(xi ⊗ xj) = xb ⊗ xaR
′ab
ij . (14)
The matrix R′ which controls the braiding relations should satisfy the following conditions
R′
12
R′
13
R′
23
= R′
23
R′
13
R′
12
R′
12
R′
13
R23 = R23R
′
13
R′
12
R12R
′
13
R′
23
= R′
23
R′
13
R12 (15)
(PR′ + 1)(PR− 1) = 0
R′
21
R = R21R
where P is the permutation matrix. Hence the problem of finding the quantum group leaving
the generalized oscillator algebra covariant and the braidings induced by the quantum group is
reduced to finding the matrices R and R′.
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The general form of the matrix R′ can be written as
R′ =


C1 0 0 0 0 0 0 0 0
0 C2 0 C7 0 0 0 0 C12
0 0 C5 0 0 0 C11 0 0
0 C3 0 C8 0 0 0 0 C13
0 0 0 0 C1 0 0 0 0
0 0 0 0 0 C10 0 C6 0
0 0 C6 0 0 0 C10 0 0
0 0 0 0 0 C11 0 C5 0
0 C4 0 C9 0 0 0 0 C14


(16)
which gives the general form of the braiding relations.
For the three deformation parameters Q1 and q free, it turns out that there is a unique solution
for the matrices R and R′ namely
R =


1 0 0 0 0 0 0 0 0
0
Q21
q2
0 0 0 0 0 0 0
0 0
Q1
q
0 0 0 0 0 0
0
(q2 −Q1)
q2
0
1
Q1
0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0
1
q
0
(q2 −Q1)
q2
0
0 0
(q2 −Q1)
q2
0 0 0
1
q
0 0
0 0 0 0 0 0 0
Q1
q
0
0
Q1
q2
0 −
1
Q1
0 0 0 0 1


(17)
and
R′ =


q2
Q1
0 0 0 0 0 0 0 0
0 Q1 0 0 0 0 0 0 0
0 0 q 0 0 0 0 0 0
0
q2 −Q1
Q1
0
q2
Q21
0 0 0 0 0
0 0 0 0
q2
Q1
0 0 0 0
0 0 0 0 0
q
Q1
0
q2 −Q1
Q1
0
0 0
q2 −Q1
Q1
0 0 0
q
Q1
0 0
0 0 0 0 0 0 0 q 0
0 1 0 −
q2
Q21
0 0 0 0
q2
Q1


(18)
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Similar to the R matrix of SUq(2) the matrix R
′ is proportional to R (R′ = q2Q−11 R). The entries
of the quantum matrix (4) generate the algebra
K1K
∗
1 = K
∗
1K1 + q
2Q−21 L
∗
1L1 + q
−2Q1(q
2 −Q1)K
∗
3K3
K1K2 = qQ
−1
1 K2K1
K1K
∗
2 = q
−1Q1K
∗
2K1 + qQ
−1
1 L2L1 + q
−2Q1(q
2 −Q1)K
∗
3K2
K1K3 = q
2Q−21 K3K1
K1K
∗
3 = Q1K
∗
3K1 + L
2
1
K1L1 = qL1K1
K1L
∗
1 = qQ
−1
1 L
∗
1K1 + q
−1(q2 −Q1)L1K3
K1L2 = L2K1 + q
−1(q2 −Q1)L1K2
K2K
∗
2 = Q1K
∗
2K2 + q
−2Q21K
∗
3K3 −K
∗
1K1 + L
2
2
K2K3 = qQ
−1
1 K3K2
K2K
∗
3 = q
−1Q21K
∗
3K2 + L2L1
K2L1 = Q1L1K2 (19)
K2L
∗
1 = L
∗
1K2 + q
−1(q2 −Q1)L2K3
K2L2 = qL2K2 − qQ
−1
1 L
∗
1K1 + q
−1Q1L1K3)
K3K
∗
3 = q
−2Q31K
∗
3K3 + L
∗
1L1
K3L1 = q
−1Q21L1K3
K3L
∗
1 = qL
∗
1K3
K3L2 = Q1L2K3
L1L
∗
1 = q
2Q−21 L
∗
1L1
L1L2 = qQ
−1
1 L2L1.
The Hopf algebra structure is given by the group Hopf algebra
∆(t) = t⊗ t, ǫ(t) = 1, S(t) = t−1 (20)
where the inverse matrix is given by
t−1=

 L2K
∗
1 − qQ
−1
1 L
∗
1K
∗
2 −Q
−2
1 L2K
∗
3 + q
−1Q−11 L1K
∗
2 qQ
−2
1 L
∗
1K
∗
3 − q
−1L1K
∗
1
−Q21L2K3 + qQ1L
∗
1K2 L2K1 − q
−1Q1L1K2 q
−1Q21L1K3 − qL
∗
1K1
q2Q−11 K3K
∗
2 − qK2K
∗
1 q
−2Q1K
∗
3K2 − q
−1K∗2K1 K
∗
1K1 − q
−2Q21K
∗
3K3

 δ−1. (21)
The element δ which is defined to be
δ ≡ L2K
∗
1K1 − q
−2Q21L2K
∗
3K3 + L1K3K
∗
2 + L
∗
1K
∗
3K2 − qQ
−1
1 L
∗
1K
∗
2K1 − q
−1Q1L1K2K
∗
1 (22)
has grouplike Hopf algebra structure
∆(δ) = δ ⊗ δ, ǫ(δ) = 1, S(δ) = δ−1 (23)
and satisfies
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K1δ = δK1, K2δ = q
−1Q21δK2, K3δ = q
−2Q41δK3, L1δ = qQ
−2
1 δL1, L2δ = δL2 (24)
and their *-conjugates with δ∗ = δ .
The braided Hopf algebra structure of the generalized oscillator (1) implied by the quantum
group covariance is given by the coproducts
∆(qN ) = qN ⊗ 1 + 1⊗ qN , ∆(a) = a⊗ 1 + 1⊗ a, ∆(a∗) = a∗ ⊗ 1 + 1⊗ a∗, (25)
the counits
ǫ(qN) = ǫ(a) = ǫ(a∗) = 0, (26)
the antipodes
S(qN) = −qN , S(a) = −a, S(a∗) = −a∗ (27)
and the braidings implied by (18)
ψ(qN ⊗ qN) = q2Q−11 q
N ⊗ qN ,
ψ(qN ⊗ a) = qQ−11 a⊗ q
N ,
ψ(a∗ ⊗ qN) = qQ−11 q
N ⊗ a∗,
ψ(qN ⊗ a∗) = qa∗ ⊗ qN +Q−11 (q
2 −Q1)q
N ⊗ a∗,
ψ(a⊗ qN) = qqN ⊗ a+Q−11 (q
2 −Q1)a⊗ q
N ,
ψ(a⊗ a) = q2Q−11 a⊗ a, (28)
ψ(a∗ ⊗ a∗) = q2Q−11 a
∗ ⊗ a∗,
ψ(a⊗ a∗) = Q−11 (q
2 −Q1)a⊗ a
∗ +Q1a
∗ ⊗ a+ qN ⊗ qN ,
ψ(a∗ ⊗ a) = −q2Q−21 q
N ⊗ qN + q2Q−21 a⊗ a
∗.
In contrast to the three parameter deformed case where there is a unique solution for the braidings,
the two parameter deformed case Q1 = q
2 has three more solutions apart from the solution
obtained by substituting Q1 = q
2 into (28). These solutions are
sol1:
C1 = 1, C2 = q
2 , C3 = 0, C4 = 0, C5 = q, C6 = 0, C7 = 0,
C8 = q
−2, C9 = 0, C10 = q
−1, C11 = 0, C12 = 0, C13 = 0, C14 = −1 (29)
sol2:
C1 = 1, C2 = q
2 , C3 = 0 , C4 = 2 , C5 = q, C6 = 0, C7 = 0,
C8 = q
−2, C9 = 0, C10 = q
−1, C11 = 0, C12 = 0, C13 = 0, C14 = 1 (30)
sol3:
C1 = 1, C2 = q
2, C3 = 0, C4 = 0, C5 = q, C6 = 0, C7 = 0,
C8 = q
−2, C9 = −2q
−2, C10 = q
−1, C11 = 0, C12 = 0, C13 = 0, C14 = 1. (31)
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The Q1 = q
2 case is special not only because there are three more solutions for the braidings,
but also the R-matrix is triangular ( R−112 = R21) and S
2 = id is satisfied for the quantum group.
We also note that in the general braided Hopf algebra solutions given in Ref.4, only the solutions
we give in this section are related with the quantum group covariance.
We should also note that when L1 = L
∗
1 = K2 = K
∗
2 = 0 and L2 = 1 the transformation matrix
is an element of SU(1, 1) in the q = Q1 = 1 limit. Hence the group we define can be interpreted
as deformations of SU(1, 1).
3 Subgroups and representations
In the general form of the transformation of the generalized oscillator, the invariance quantum
group is a nine-parameter quantum group with three deformation parameters. This quantum
group has seven and five parameter subgroups which we are going to discuss.
A: The seven parameter subgroup can be obtained by setting L1 = L
∗
1 = 0 in (19). Then the
consistency of the relations requires Q1 = q
2 , i.e., for the oscillator
aa∗ − q2a∗a = q2N
aqN = qqNa (32)
qNa∗ = qa∗qN
the transformation
( a a∗ qN )′ = ( a a∗ qN )


K1 K
∗
3 0
K3 K
∗
1 0
K2 K
∗
2 L2

 (33)
leaves the algebra covariant where the entries of the quantum matrix satisfy
K1K
∗
1 = K
∗
1K1,
K1K2 = q
−1K2K1,
K1K
∗
2 = qK
∗
2K1,
K1K3 = q
−2K3K1,
K1K
∗
3 = q
2K∗3K1,
K1L2 = L2K1, (34)
K2K
∗
2 = q
2K∗2K2 + q
2K∗3K3 −K
∗
1K1 + L
2
2,
K2K3 = q
−1K3K2,
K2K
∗
3 = q
3K∗3K2,
K2L2 = qL2K2,
K3K
∗
3 = q
4K∗3K3,
K3L2 = q
2L2K3.
The Hopf algebra structure is given by the group Hopf algebra, i.e.,
∆(t) = t⊗ t, ǫ(t) = 1, S(t) = t−1 (35)
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and the matrix inverse is
t−1 =


L2K
∗
1 −q
−4L2K
∗
3 0
−q4L2K3 L2K1 0
K3K
∗
2 − qK2K
∗
1 K
∗
3K2 − q
−1K∗2K1 K
∗
1K1 − q
2K∗3K3

 δ−1 (36)
where the element
δ ≡ L2(K
∗
1K1 − q
2K∗3K3) (37)
is grouplike
∆(δ) = δ ⊗ δ, ǫ(δ) = 1, S(δ) = δ−1 (38)
and satisfies
K1δ = δK1, K2δ = q
3δK2, K3δ = q
6δK3, L2δ = δL2, δ
∗ = δ. (39)
To construct the representation, we take the generators of this algebra as operators acting on
some space. We first find the simultaneously diagonalizible operators: the operators L2, K1 and
K∗1 commute among themselves and taking into account that L
∗
2 = L2 we can take these operators
as diagonal operators. We take the eigenvalue of the Hermitian operator as
L2 | n〉 = Aq
n | n〉 (40)
where A is a real constant. The relations of the algebra suggest that
K2 | n〉 ∼| n− 1〉, K3 | n〉 ∼| n− 2〉 (41)
and hence we take the actions of the generators as
K1 | n〉 = k1,n | n〉, K2 | n〉 = k2,n | n− 1〉 K3 | n〉 = k3,n | n− 2〉 (42)
K∗1 | n〉 = k
∗
1,n | n〉, K
∗
2 | n〉 = k
∗
2,n+1 | n+ 1〉, K
∗
3 | n〉 = k
∗
3,n+2 | n+ 2〉.
Substituting these into (34) we obtain
k1,n = Bq
n, k2,n = Cq
n, k3,n = Dq
n (43)
where B, C and D are complex constants satisfying
|B|2 = A2 + q2 |D|2 . (44)
We note that the representation is infinite dimensional.
B: The five parameter subgroup can be obtained by setting L1 = L
∗
1 = K3 = K
∗
3 = 0 in the
transformation (2), i.e., for the algebra
aa∗ −Q1a
∗a = q2N
aqN = qqNa (45)
qNa∗ = qa∗qN
the transformation
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( a a∗ qN )′ = ( a a∗ qN )

 K1 0 00 K∗1 0
K2 K
∗
2 L2

 (46)
leaves the algebra covariant where the entries of the quantum matrix satisfy
K1K
∗
1 = K
∗
1K1,
K1K2 = qQ
−1
1 K2K1,
K1K
∗
2 = q
−1Q1K
∗
2K1,
K1L2 = L2K1 (47)
K2K
∗
2 = Q1K
∗
2K2 −K
∗
1K1 + L
2
2
K2L2 = qL2K2.
The Hopf algebra structure is given by the group Hopf algebra
∆(t) = t⊗ t, ǫ(t) = 1, S(t) = t−1. (48)
The inverse matrix is
t−1 =

 L2K
∗
1 0 0
0 L2K1 0
−qK2K
∗
1 −q
−1K∗2K1 K
∗
1K1

 δ−1 (49)
where
δ ≡ L2K
∗
1K1 (50)
is grouplike
∆(δ) = δ ⊗ δ, ǫ(δ) = 1, S(δ) = δ−1 (51)
and satisfies
K1δ = δK1, K2δ = q
−1Q21δK2, L2δ = δL2. (52)
Similar to the construction of the representation of the seven parameter subgroup, the elements
L2 and K1 can be taken as diagonal operators and K2 and K
∗
2 can be taken as lowering and raising
operators respectively. We take the eigenvalue of the Hermitian operator as
L2 | n〉 = Aq
n | n〉 (53)
and for the other operators we take
K1 | n〉 = k1,n | n〉, K2 | n〉 = k2,n | n− 1〉, (54)
K∗1 | n〉 = k
∗
1,n | n〉, K
∗
2 | n〉 = k
∗
2,n+1 | n+ 1〉.
Substituting these into (47) we obtain
k1,n = B
(
Q1
q
)n
, |k2,n|
2 = A2
Qn1 − q
2n
Q1 − q2
− |B|2
Qn1 −
(
Q1
q
)2n
Q1 −
(
Q1
q
)2 (55)
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where A is real and B is complex. The quadratic Casimir of the algebra which is found to be
C = K∗1K1 + (q
−2 − 1)K∗2K2 + q
−2L22 (56)
has the eigenvalue
C | n〉 = (A2 + q−2 |B|2) | n〉. (57)
In the algebra (47) when we identify
L2 ≡ q
H , K1 = K
∗
1 ≡ q
−H , K2 ≡ (q − q
−1)1/2X−, K
∗
2 ≡ (q − q
−1)1/2X+, Q1 = 1 (58)
the algebra turns out to be
qHX± = q
±1X±q
H , X+X− −X−X+ =
q2H − q−2H
q − q−1
(59)
which generates Uq(su(2)) with the *-structure
(qH)∗ = qH , (X±)
∗ = X∓. (60)
The transformation
( a a∗ qN )′ = ( a a∗ qN )

 q
−H 0 0
0 q−H 0
X− X+ q
H

 (61)
leaves the commutation relations between a, a∗ and qN invariant. The matrix multiplication gives
the comultiplication of the generators of the algebra
∆(qH) = qH ⊗ qH , ∆(q−H) = q−H ⊗ q−H , ∆(X±) = X± ⊗ q
−H + qH ⊗X± (62)
and the counit map
ǫ(q±H) = 1, ǫ(X±) = 0 (63)
is a map to the identity of the quantum group. The antipodes
S(q±H) = q∓H , S(X±) = −q
∓1X± (64)
give the inverse of the transformation matrix.
4 CONCLUSION
At the level of a single oscillator, the deformation of the oscillator results in a noncommutativity
in the algebra whose coaction leaves the oscillator algebra covariant. At the level of two (or more)
oscillators, this induces a noncommutativity (called outer noncommutativity) between indepen-
dent copies. This noncommutativity is described by the braiding relations. The discussion of the
n-fold braided tensor product for q-Heisenberg algebra is done in Ref.5. Hence we give not only a
generalization of the oscillator algebra but also the interaction pattern of these oscillators among
themselves via the quantum group covariance. This may contribute to understand the possible
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connections between quantum groups and nonextensive statistical mechanics6. In this work we use
real deformation parameters, however, the fractional supersymmetric structures require at least
one of the deformation parameters to be a root of unity7 as the generalization of the (-1) factor
in the fermionic case. One more thing which deserves a separate study is the decoupling of the
oscillators or the unbraiding transformations8.
The braided covector algebras covariant under quantum groups are also covariant under the
braided groups obtained from quantum groups by a transmutation process3. The main ingredient
of this construction is the R-matrix. Hence the R-matrix we found defines a new braided group
which we do not consider here.
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